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Abstract
In this paper we study the Calabi diastasis function of Hermitian symmetric spaces. This allows us to prove that if a complete
Hermitian locally symmetric space (M,g) admits a Kähler immersion into a globally symmetric space (S,G) then it is globally
symmetric and the immersion is injective. Moreover, if (S,G) is symmetric of a specified type (Euclidean, noncompact, compact),
then (M,g) is of the same type. We also give a characterization of Hermitian globally symmetric spaces in terms of their diastasis
function. Finally, we apply our analysis to study the balanced metrics, introduced by Donaldson, in the case of locally Hermitian
symmetric spaces.
 2005 Elsevier B.V. All rights reserved.
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1. Introduction
Let M be a complex manifold endowed with a real analytic Kähler metric g. Then in a neighborhood of every point
p ∈ M , one can introduce a very special Kähler potential Dgp for the metric g, which Calabi [3] christened diastasis.
Recall that a Kähler potential is an analytic function Φ defined in a neighborhood of a point p such that ω = i2 ∂¯∂Φ ,
where ω is the Kähler form associated to g. In a complex coordinate system (z) around p one has:
gαβ¯ = 2g
(
∂
∂zα
,
∂
∂zβ
)
= ∂
2Φ
∂zα∂z¯β
.
A Kähler potential is not unique: it is defined up to an addition with the real part of a holomorphic function. By
duplicating the variables z and z¯ a potential Φ can be complex analytically continued to a function Φ˜ defined in a
neighborhood U of the diagonal containing (p, p¯) ∈ M × M¯ (here M¯ denotes the manifold conjugated to M). The
diastasis function is the Kähler potential Dgp around p defined by
D
g
p(q) = Φ˜(q, q¯)+ Φ˜(p, p¯)− Φ˜(p, q¯)− Φ˜(q, p¯).
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The diastasis function is the key tool for studying Kähler immersions (i.e. holomorphic and isometric immersions)
of a Kähler manifold into another Kähler manifold as expressed by the following lemma.
Lemma 1.1. (Calabi [3]) Let (M,g) be a Kähler manifold which admits a Kähler immersion f : (M,g) → (S,G) into
a real analytic Kähler manifold (S,G). Then the metric g is real analytic. Let Dgp :U → R and DGf (p) :V → R be the
diastasis functions of (M,g) and (S,G) around p and f (p) respectively. Then f−1(DGf (p)) = Dgp on f−1(V )∩U .
In [3] Calabi studied Kähler immersions (M,g) → (S,G) when the ambient space (S,G) is a finite or infinite
dimensional complex space form. He gives necessary and sufficient conditions for (M,g) to admit a Kähler immersion
into (S,G) in terms of the diastasis function Dgp . There are three types of complex space forms according to the sign
of their constant holomorphic sectional curvature:
(i) the complex Euclidean space CN,N  ∞ with the flat metric denoted by G0. (Here C∞ denotes the
Hilbert space consisting of sequences wj , j = 1, . . . ,wj ∈ C such that ∑+∞j=1 |wj |2 < +∞.) The diastasis function
D
G0
z :C
N → R of G0 around p ∈ CN is given by: DG0p (q) =∑Nj=1 |pj − qj |2.
(ii) the complex projective space CPNb ,N ∞ and b > 0, with the Fubini–Study metric GFS of holomorphic
sectional curvature 4b. If p = [1,0, . . . ,0] then in the affine coordinates the diastasis around p is DGFSp (z) = 1b log(1+
b
∑n
j=1 |zj |2). One can show that for all p ∈ CPNb the diastasis function DGFSp around p is globally defined except in
the cut locus Hp of p where it blows up. Moreover e−D
GFS
p is globally defined and smooth on CPNb , e
−DGFSp (q)  1
and e−D
GFS
p (q) = 1 implies p = q (see [3] or [1] for details).
(iii) the complex hyperbolic space CHNb N  ∞ and b < 0, namely the domain B ⊂ CN given by B =
{(z1, z2, . . . , zn) ∈ CN |∑Nj=1 |zj |2 < − 1b }. endowed with the hyperbolic metric Ghyp of constant holomorphic sec-
tional curvature 4b. The globally defined diastasis DGhypp around p = (0,0, . . . ,0) is given by: DGhypp (z) = 1b log(1 +
b
∑n
j=1 |zj |2).
This paper is dedicated to the study of the diastasis function of Hermitian symmetric spaces. In Section 2 we show
that for Hermitian globally symmetric spaces (M,g) the diastasis function Dgp around any point p ∈ M behaves like
the diastasis of the complex projective space, namely it is globally defined on M , except in a measure zero subset.
Moreover, e−D
g
p is globally defined and smooth on M , e−D
g
p(q) = 1 implies p = q . We call a Kähler form with
these properties projective-like (see definition in Section 3 below). These properties are the main ingredients used in
Section 3 to study the Kähler immersions of a locally Hermitian symmetric space into almost projective-like Kähler
manifolds, namely Kähler manifolds (S,G) where e−D
g
x is globally defined for all x ∈ S. The main results of this
section are Theorems 3.3 and 3.7 and their corollaries where we prove that if there exists a Kähler immersion of a
complete Hermitian locally symmetric space (M,g) into an almost projective-like Kähler manifold (S,G) then M
is forced to be simply connected and the immersion to be injective. Moreover, if (S,G) is globally symmetric and
of a specified type (Euclidean, noncompact, compact), then (M,g) is of the same type. This generalizes a Theorem
of Takeuchi (see Theorem 3.8), where the ambient space is the finite dimensional complex projective space and a
Theorem of Nakagawa and Takagi (see Theorem 3.9) where the ambient space is the finite dimensional Euclidean or
complex hyperbolic space. We also give a characterization of Hermitian globally symmetric spaces in terms of their
diastasis function (see Corollary 3.11). Finally in Section 4 we apply the results obtained in Section 3 to the study
of balanced metrics, defined by Donaldson in [5], on Hermitian symmetric spaces or more generally projective-like
Kähler manifolds. The main result in this direction is Theorem 4.4 (which is a generalization of a recent result of
Engliš [6]) where we prove that a metric g on a complex manifold M such that its lift g˜ to the universal cover M˜
is projective-like cannot be balanced unless M is simply-connected. This raises the question of studying balanced
metrics g on a complex manifold M such that their lift to the universal cover M˜ is still balanced. To this regard we
have Theorem 4.5. This theorem, combined with a uniqueness result on cohomologous balanced metrics due to the
author and C. Arezzo [2], implies (see Corollary 4.6) that any balanced metric g1 cohomologous to the Kähler metric
g of a compact Hermitian locally symmetric space (M,g) (with M˜ compact) cannot admit a balanced lift unless
(M,g) is globally symmetric.
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We describe the diastasis function for Hermitian (globally) symmetric spaces. (We refer to Sections 2, 3 and 4 of
[6] for the basic material we need about these spaces.)
Every Hermitian symmetric space (S, g) is (up to biholomorphisms) the Cartesian product of irreducible ones.
Irreducible Hermitian symmetric spaces are of three types: Euclidean, noncompact and compact.
An Hermitian symmetric space of Euclidean type is biholomorphically isometric to (Cn, g), where g = cg0 and
g0 is the standard Euclidean metric. Therefore a (global) potential for g is given by Φ(z) = c‖z‖2 and the diastasis
function Dgz :Cn → R around z is given by
(1)Dgz (w) = c‖z −w‖2.
An irreducible Hermitian symmetric space of noncompact type is biholomorphically isometric to (D,g), where D is
a bounded symmetric domain in Cn which can be chosen circular (i.e. z ∈ D,θ ∈ R imply eiθ z ∈ D) and convex and
g is, up to a positive constant, the Bergman metric gD on D, namely g = cgD, c > 0. Therefore a (globally defined)
potential for the metric g is given by Φ(z, z) = c logKD(z, z), where KD(z, z) is the Bergman kernel function on
D. The Kähler form associated to g is ω = cωD = c i2∂∂¯ logKD . Observe that the circularity of D implies that
KD(z,0) = KD(0, z) = 1vol(D) , where vol(D) is the Euclidean volume. Therefore the diastasis function Dg0 :D → R
around 0 is given by:
(2)Dg0 (z) = cDgD0 (z) = c log
[
vol(D)KD(z, z)
]
.
In the next lemma we prove that Dg0 (z) = 0 implies z = 0.
Lemma 2.1. Let (D,g) be an irreducible Hermitian symmetric space of noncompact type. Then for all p ∈ D the
diastasis function Dgp is globally defined on D, Dgp(q) 0 for all p,q ∈ M and Dgp(q) = 0 implies p = q .
Proof. Let Hm be the Hilbert space consisting of holomorphic functions f on D such that
∫
D
|f |2
KmcD
dz < +∞, where
dz is the Lebesgue measure on D. Let fmj be an orthonormal basis for Hm. It is not hard to see that
∑+∞
j=0 |fmj (z)|2
KmcD (z,z)
is
invariant under the action of the group of isometric biholomorphisms of (D,g). Since this group acts transitively on
D we have that
(3)
+∞∑
j=0
∣∣fmj (z)∣∣2 = cmKmcD (z, z), cm > 0.
It can be shown that for m 0 Hm contains all polynomials and that 1, z1, . . . , zn are L2-orthogonal. Thus, without
loss of generality, we can assume that there exist λk ∈ C∗, k = 0, . . . , n, such that f m0 = λ0 and fmk = λkzk, k =
1, . . . , n. Consider now the holomorphic map
(4)Φm :D → C∞ : (z1, . . . , zn) → (λ0, λ1z1, . . . , λnzn, f mn+1, . . .),
where C∞ denotes the Hilbert space consisting of sequences w = wj , j = 1, . . . ,wj ∈ C such that ∑+∞j=1 |wj |2 <+∞. This space can be seen as the affine chart Z0 	= 0 of the infinite dimensional complex projective space CP∞.
Therefore the Fubini–Study metric G∞FS of CP∞ (see (ii) in the introduction) restricts to a Kähler metric
(5)g∞ = i2∂∂¯ log
(
1 +
+∞∑
j=1
|wj |2
)
on C∞. It follows by (3) that Φ∗m(g∞) = mg and therefore the map (4) is a injective Kähler immersion. Denote by
D
g∞
0 :C
∞ → R the diastasis function for the metric g∞ around 0 (0 is the sequence with all zero entries). Fix a point
p ∈ D. Without loss of generality we can assume, by the aid of a unitary transformation in C∞, that Φm(p) = 0.
By Lemma 1.1 we then get that Dmgp = Φ−1m (Dg∞0 ). Since Φm is injective and since the equality Dg∞0 (w) = log(1 +∑+∞
j=1 |wj |2) = 0 implies w = 0, it follows that Dmgp (q)  0 for all p,q ∈ M and Dmgp (q)  0 implies p = q . The
equality Dgp = 1mcDmgp concludes the proof of the lemma. 
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infinite dimensional complex projective space is well-known and was first pointed out by Kobayashi [8]. This is not
sufficient to deduce that its diastasis function satisfies the properties stated in Lemma 2.1 since we do not know if the
Kähler immersion ϕ is injective.
Finally, we consider irreducible Hermitian symmetric spaces of compact type (C,g). It is well known that C is
a compact homogeneous simply-connected Kähler–Einstein manifold with strictly positive scalar curvature. There-
fore, if ω denotes the Kähler form associated to g, there exists c > 0 such that cω represents the first Chern class of
C and hence it is an integral Kähler form. The integrality of cω implies that there exists a holomorphic line bundle
L on C such that c1(L) = [cω]. Let m be a non-negative integer and let H 0(Lm) be the space of global holomor-
phic sections of Lm, the mth tensor power of L. Let s0, . . . , sdm be an orthonormal basis of H 0(Lm). Since C is
simply-connected and homogeneous one can find a positive integer m such that the Kodaira map
(6)Km :C → CPdm : x →
[
s0(x), . . . , sdm(x)
]
is a Kähler embedding, i.e. K∗m(GFS) = mcg, where GFS denotes the Fubini–Study metric on CPdm . By Lemma 1.1,
by the structure of the diastasis function for the Fubini–Study metric (see (ii) in the introduction) and by the fact that
D
g
p = 1mcDmcgp , we get:
Lemma 2.3. Let (C,g) be a Hermitian globally symmetric space of compact type and let p be a point of C. Then the
diastasis function Dgp around p is non-negative and globally defined except in a set of measure zero Yp where it blows
up. Furthermore, e−D
g
p is globally defined on C, e−Dgp(q)  1 for all p,q ∈ C and e−Dgp(q) = 1 implies p = q .
Remark 2.4. One can give an explicit formula for the diastasis function for a Hermitian symmetric space of compact
type analogous to formula (2). More precisely, one has that for all p ∈ C, C \ Yp is biholomorphic to Cn (n being
the complex dimension of M). Let D ⊂ Cn be the Hermitian symmetric domain of noncompact type dual to C.
Under the previous biholomorphism, p can be made to correspond to the origin 0 of D and the diastasis function
D
g
p = Dg0 : D → R is given by:
D
g
0 (z) = −c log
[
vol(D)KD(z,−z)
]
,
where c is a positive constant and KD is the Bergman Kernel function on D.
Remark 2.5. In the general case of a Kähler immersion of a Kähler manifold (M,g) into CPN , the set Yp , where the
diastasis Dgp blows up, is called the polar variety with respect to p (see [3]). In [15] it is proved that the polar variety
with respect to a point p of a Hermitian globally symmetric space of compact type equals the cut locus of p with
respect to the metric g.
3. Kähler immersions of Hermitian spaces
In this section we study Kähler immersions of Hermitian locally symmetric spaces into Kähler manifolds which
admit a diastasis similar to that of the projective space. Due to the structure of the diastasis function for the complex
projective space (see (ii) in the introduction), we give the following:
Definition 3.1. Let S be a complex manifold. We say that a real analytic Kähler metric G on S is almost projective-
like if for all points x ∈ S the function e−DGx is globally defined on S. If, moreover, e−DGx (y) = 1 implies x = y
then the Kähler metric G is said to be projective-like. We say that a real analytic Kähler manifold (S,G) is (almost)
projective-like if the Kähler form G is (almost) projective-like.
Observe that the Kähler metric of a finite or infinite dimensional complex space form is projective-like. This is true
also for Hermitian globally symmetric space as expressed by the following proposition.
Proposition 3.2. An Hermitian globally symmetric space (M,g) is projective-like.
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observe that
(7)e−Dgp(q) = e−Dg1p1 (q1) · · · e−Dgrpr (qr ),
for all p = (p1, . . . pr) and q = (q1, . . . qr ) in M . Suppose that e−Dgp(q) = 1. Since, by (1), Lemmata 2.1 and 2.3,
e
−Dgjpj (qj )  1 for all j it follows that e−D
gj
pj
(qj ) = 1 for all j . Again by formula (1), Lemmata 2.1 and 2.3 we know
that an irreducible Hermitian globally symmetric space is projective-like and hence pj = qj , i.e. p = q . 
The following theorem is an easy consequence of the definitions and of the property of Calabi’s diastasis function.
Theorem 3.3. Let (S,G) be an almost projective-like Kähler manifold and let (M,g) be a Kähler manifold such that
its universal cover (M˜, g˜) is projective-like. If (M,g) admits a Kähler immersion f into (S,G), then (M,g) is simply
connected and the map f is injective.
Proof. Let π : (M˜, g˜) → (M,g) be the universal covering map and consider the Kähler immersion f˜ = f ◦
π : (M˜, g˜) → (S,G). We claim that f˜ is injective. Indeed, let p and q be two points in M˜ such that f˜ (p) = f˜ (q) = x.
It follows by Lemma 1.1 that e−D
g
p(q) = e−DGx (x) = 1 (the previous equality makes sense since, by hypothesis, e−DGx
is globally defined on S). Since, by assumption, (M˜, g˜) is projective-like it follows that p = q . Therefore π injective
and, since it is a covering map, it is forced to be a biholomorphism. 
Consider now a complete Hermitian locally symmetric space (M,g). It is a classical fact that its universal cover
(M˜, g˜) is an Hermitian globally symmetric space (see e.g. [7]). Therefore, by taking into account Proposition 3.2 and
the previous theorem, we get:
Corollary 3.4. If a complete Hermitian locally symmetric space admits a Kähler immersion into an almost projective-
like Kähler manifold (S,G) then (M,g) is globally symmetric and the immersion is injective.
By taking f = idM (the identity map of M) in the previous corollary we get the following:
Corollary 3.5. Let (M,g) be a complete Hermitian locally symmetric space. If g is almost projective-like, then (M,g)
is globally symmetric. In particular, any complete, almost projective-like and flat Kähler manifold is simply-connected.
Observe that the metric g of a Hermitian locally symmetric space has constant scalar curvature. In the compact case
the previous corollaries hold true for any constant scalar curvature Kähler metric cohomologous to g. More precisely
we have the following:
Theorem 3.6. Let (M,g) be a Hermitian locally symmetric space such that its universal cover M˜ is compact (and
hence M is compact). Let g1 be a constant scalar curvature Kähler metric cohomologous to g (namely the Kähler
forms associated to g and g1 are cohomologous). If (M,g1) admits a Kähler immersion f into an almost projective-
like Kähler manifold (S,G) then (M,g) is globally symmetric and the map f is an embedding. In particular if (M,g1)
is almost projective-like then (M,g) is globally symmetric.
Proof. As before consider the universal covering map π : M˜ → M and let g˜1 be the constant scalar curvature Kähler
metric on M˜ given by g˜1 = π∗(g1). By Theorem B in [10] two cohomologous constant scalar curvature metrics
on a compact homogeneous space have to be equivalent, hence there exists a biholomorphism F : M˜ → M˜ such
that F ∗(g˜1) = g˜, where g˜ = π∗(g). Thus the metric g˜1 is projective-like and the conclusion follows by applying
Theorem 3.3 to the Kähler immersion f : (M,g1) → (S,G). 
In the case the ambient space (S,G) is globally symmetric we get the following.
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(M,g) admits a Kähler immersion f into (S,G), then (M,g) is globally symmetric and f is injective. If, moreover,
(S,G) is a globally symmetric space of a specified type, then M is of the same type.
Proof. Since (S,G) is projective-like by Proposition 3.2 we can apply Corollary 3.4 to prove the first part. In or-
der to prove the second part we start from the case when (S,G) is of Euclidean type. It follows immediately that
in the decomposition of (M,g) into irreducible factors it cannot appear compact factors. Moreover, Theorem 3.9
below implies that in this decomposition there cannot exist a noncompact factor and hence M is of Euclidean type.
Suppose now that (S,G) is of compact type and suppose, by contradiction, that (M,g) is of Euclidean or noncom-
pact type and it admits a Kähler immersion f into (S,G). In the Euclidean case, by composing f with the map
Km : (S,G) → (CPdm) given by (6) in the previous section, we get (for sufficiently large m) a Kähler immersion
Km ◦f : (Cn,mcg0) → (CPdm,GFS). Since (Cn,mcg0) is flat, this is forbidden by a well-known result of Calabi (see
[3] or Lemma 2.2 in [14]). The case of a Kähler immersion f : (D,g) → (S,G) of a symmetric space of noncompact
type (D,g) into a symmetric space of compact type (S,G) is excluded by the following argument. As before, by
composing f with the map Km we get a Kähler immersion Km ◦ f : (D,mg) → (CPdm,GFS). On the other hand one
can construct a Kähler immersion Φm of (D,mg) into CP∞ as in the proof of Lemma 2.1. This map is built with
an orthonormal basis of holomorphic functions on D and hence it is full, i.e. Φm(D) is not contained in CPN with
N < ∞. Observe now, that the Kähler immersions Km ◦f and Φm contradict the rigidity Theorem of Calabi [3] since
they cannot be joined by a unitary transformation of CP∞. Finally, we need to show that (M,g) = (Cn, cg0) cannot
be immersed into a Hermitian symmetric space of noncompact type (S,G) (the case (M,g) compact into (S,G) non-
compact is trivially excluded). This is proved in a unpublished work of Antonio J. Di Scala. His proof goes as follows.
Let f : (Cn, cg0) → (S,G) be such an immersion. Therefore there exist a open set U ⊂ Cn with the flat metric which
can be Kähler embedded into (S,G). By Proposition 9.2 p. 176 in [9] (by taking f as the inclusion) one has:
RS(X,JX,JY,Y ) = RM(X,JX,JY,Y )+ 2∥∥α(X,Y )∥∥2,
where RS and RM denote the curvature tensors of S and M respectively, X and Y are two vectors fields on M , J is
the almost complex structure on S (and M) and α is the second fundamental form. Since RS(X,JX,JY,Y ) (i.e. the
holomorphic bisectional curvature) of an Hermitian symmetric space of noncompact type is nonpositive, we get that
such f is totally geodesic, i.e. α = 0. But totally geodesic submanifolds of symmetric spaces are characterized by Lie
triple system, namely subspace Vp ⊂ TpM invariant by the curvature tensor (see [7]). Being this an algebraic charac-
terization we can think this “flat” and “complex” Lie triple Vp in the complex dual of S. So, we get a complex flat
submanifold of an Hermitian symmetric space of compact type which is excluded by Calabi’s theorem as before. 
Observe that the previous theorem is a generalization of the following theorems (see [14] and Section 3 in [13]).
Theorem 3.8 (Takeuchi). Let f : (M,g) → CPNb be a Kähler immersion of a complete Hermitian locally symmet-
ric space into the finite dimensional complex projective space CPNb . Then (M,g) is a globally symmetric space of
compact type and f is an embedding.
Theorem 3.9 (Nakagawa and Takagi). A Hermitian locally symmetric space (M,g), which admits a Kähler immersion
into CHNb or C
N (N finite), is totally geodesic.
Remark 3.10. Theorem 3.9 (and hence our Theorem 3.7) cannot be generalized when the ambient space is an infinite
dimensional complex space form. Indeed, one can construct Kähler immersions of a flat or hyperbolic complex space
form into CP∞ (see Chapter 5 in [3]). It is also worth mentioning that Theorem 3.9 has been generalized when the
manifold (M,g) is Kähler–Einstein or homogeneous (see [20] and [4]).
We conclude this section with a nice characterization of globally symmetric spaces in terms of their diastasis
function.
Corollary 3.11. Let (M,g) be any real analytic complete Kähler manifold. Suppose that the following two conditions
are satisfied:
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2. 
p(F(p,q)) = 
q(F(p,q)), where F(p,q) = e−Dgp(q) and 
p (resp. 
q ) denotes the Laplacian with respect
to the variable p (resp. to the variable q).
Then (M,g) is globally symmetric.
Proof. In Section 3 of [6] it is proven that 
p(F(p,q)) = 
q(F(p,q)) implies that (M,g) is locally symmetric and
so the conclusion follows by Corollary 3.5. 
4. Balanced metrics on Hermitian symmetric spaces
Let M be a complex manifold equipped with a polarized Kähler metric g. This means that the Kähler form ω
associated to g is integral. Let L be a holomorphic line bundle on M endowed with a Hermitian metric h such that
its Ricci curvature Ric(h) = ω. Consider the space H 0h (L) ⊂ H 0(L) consisting of global holomorphic sections s of L
which are bounded with respect to
〈s, s〉h = ‖s‖2h =
∫
M
h
(
s(x), s(x)
)ωn
n! .
One can show that H 0h (L) is a separable complex Hilbert space. Let x ∈ M and q ∈ L\{0} a fixed point of the fiber
over x. If one evaluates s ∈ H 0h (L) at x, one gets a multiple δq(s) of q , i.e. s(x) = δq(s)q . The map δq :H 0h (L) → C
is a continuous linear functional hence from Riesz’s theorem, there exists a unique eq ∈ H 0h (L) such that δq(s) =
〈s, eq〉h,∀s ∈ H 0h (L), i.e.
(8)s(x) = 〈s, eq〉h.
It follows, by (8), that
ecq = c−1eq, ∀c ∈ C∗.
The holomorphic section eq ∈ H 0h (L) is called the coherent state relative to the point q . Thus, one can define a smooth
function on M (depending on the Kähler metric g)
(9)g(x) = h(q, q)‖eq‖2h,
where q ∈ L\{0} is any point on the fiber of x. If sj , j = 0, . . . ,N , N ∞ is a orthonormal basis for (H 0h (L), 〈·, ·〉h)
then one can easily verify that g(x) =∑Nj=0 h(sj (x), sj (x)). We are now in the position to recall the definition of
balanced metrics (see [5] for the compact case and [2] for the noncompact case).
Definition 4.1. A polarized Kähler metric g on M is balanced if the function g(x) is constant and nonzero on M .
Balanced metrics are important for the theory of quantization of Kähler manifolds (see e.g. [2]), stability of com-
plex line bundle and Kähler–Einstein metrics [16–19] and existence and uniqueness of extremal and constant scalar
curvature metrics [5,11,12]. The existence and the uniqueness of balanced metrics has been study by Donaldson [5]
in the compact case and when the group Aut(M,L)
C∗ (the group of biholomorphisms of M which lift to the line bun-
dle L modulo the C∗ action) is discrete. The author and C. Arezzo [2] extend Donaldson’s results by dropping the
hypothesis on the group Aut(M,L)
C∗ . The main result in [2] is the following:
Theorem 4.2 (Arezzo and Loi). Let g0 and g1 be two balanced Kähler metrics on a compact complex manifold M such
that their corresponding Kähler forms are cohomologous. Then there exists F ∈ Aut(M,L) such that F ∗(g1) = g0.
Observe that in the noncompact case the existence and uniqueness of balanced metrics is still an open and very
interesting problem. Here we are interested in balanced metrics on Hermitian locally symmetric spaces. Recently
Engliš proves the following theorem (see Section 4 in [6]).
318 A. Loi / Differential Geometry and its Applications 24 (2006) 311–319Theorem 4.3 (Engliš). Let (M,g) be a complete Hermitian locally symmetric space. If g is balanced then (M,g) is
globally symmetric.
Observe that the Kähler metric g˜ = π∗(g) on M˜ in the previous theorem is projective-like by Proposition 3.2.
Indeed this is the only assumption one needs to prove Theorem 4.3. This is expressed by the following:
Theorem 4.4. Let (M,g) be a Kähler manifold such that the metric g˜ = π∗(g) on M˜ is projective-like. If g is balanced
then M is simply connected.
Proof. Since g is balanced there exists a Kähler immersion ig : (M,g) → (CPN,GFS),N ∞ built with the aid of
an L2-orthonormal basis of the Hilbert space H 0h (L) (see [2]). Thus the conclusion follows by applying Theorem 3.3
to the Kähler immersion ig . 
Observe that if (M˜, g˜) is a globally Hermitian symmetric space and we assume that the metric g˜ is polarized then
g˜ is balanced. In fact all the metrics mg˜ are balanced for all non-negative integer m and it is conjecturally true that if a
complete space M˜ admits a balanced metric g˜ such that mg˜ is balanced for all m, then (M˜, g˜) is a globally Hermitian
symmetric space (see Section 4 in [2]). The following question naturally arises: if g is a complete balanced metric
on complex manifold M such that also g˜ = π∗(g) is balanced can we conclude that M is simply connected? The
following theorem gives a partial answer to this question.
Theorem 4.5. Let (M,g) be a Kähler manifold such that its universal cover M˜ is compact. Suppose that the metric
g˜ = π∗(g) on M˜ is projective-like and balanced. Let g1 be a metric on M such that its Kähler form is cohomologous
to the Kähler form associated to g. If both g1 and g˜1 = π∗(g1) are balanced then M is simply connected.
Proof. Since g1 is balanced there exists a Kähler immersion ig1 : (M,g1) → (CPN,GFS) where N +1 is the complex
dimension of H 0(L) (see [2]). Since g˜ and g˜1 are balanced and cohomologous it follows by Theorem 4.2 that there
exists a biholomorphism F of M˜ such that F ∗(g˜1) = g˜. Thus also g˜1 is projective-like and the conclusion follows by
applying Theorem 3.3 to the Kähler immersion ig1 . 
Corollary 4.6. Let (M,g) be a Hermitian locally symmetric space such that M˜ is compact. Let g1 be a metric on
M such that its Kähler form is cohomologous to the Kähler form associated to g. If both g1 and g˜1 = π∗(g1) are
balanced then (M,g) is globally symmetric.
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